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ABSTRACT. In this paper, we establish the well-posedness of the following system
of two transport equations coupled with a diffusion equation:

Orpy + V- (0l [e]py) = N* (8, ),

Ot — A = N2(t, 1),

atu? +V- (U2[u’t]ﬂf) = Nd(ta ;U't)a

in R? where u},u?, 4} are finite signed measures. Here, the vector field v!, v
and the source term N', N2, N3 depend on the measure-valued solution vector

e = (g, i, 13).
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1. INTRODUCTION

Transport equations appear naturally in physics as they express in mathematical
terms a conservation law. Considering measure-valued solution allows, in particular,
to study in a unified framework discrete as well as continuous dynamics. This explains
why they are ubiquitous in modeling of systems of interacting agents/particles in
many applications including physics, social sciences, and biology (e.g. [3, 8, 9, 10, 14,
48, 49)|).

To further motivate the study of a system of transport and diffusion equations on
the space of measures that we undertake in this paper, in what follows we provide some
examples from various area focusing on the modeling aspects. We do not pretend to
list all the possible applications but only to emphasize that measure-valued functions

provide a natural framework to model many phenomena.

When considering n interacting particles at the microscopic level in the mean-field

setting, in the sense that each particle is subject to the same mean force from the
1
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other particles, we can write the evolution of the state x;(t) of the i-th particle as
d 1<
(1) E%’(t) = D K (i(t), z5(1)
j=1

where K models the interaction between particles. It is then easy to see that the

empirical measure ' := %Z?:l dz,(1) solves, in a weak sense, the transport equation

2) Oup+ V- (vljulyae) = 0

where the vector-field v[u,] is given by v[w|(x) = [pu K(z,y) dp(y) and represents
the cumulated influence of the whole dlstrlbutlon 1 at the point x. As the number
n of particles goes to infinity, we expect this equation to be the right limit of the mi-
croscopic ODE system. In fact, well-posedness can be proved by standard techniques
- we refer the reader to [6, 9, 19, 25, 36, 37, 48].

More recently this kind of equations proved to be useful in the modeling of some
social processes including formation of opinion. A large group of individuals, each one
of them having an opinion on some given issue, is interacting. The individuals involved
in an interaction modify their opinion following some given mechanism. The goal is
then to analyze the time evolution of the distribution of opinions in the population.
One way of achieving this consists of writing down a Boltzmann-like equation satisfied
by the distribution of opinions. Assuming that collisions are binary and result in
only a very small change of opinions for each participant, it can be proved that the
long-time behavior of the Boltzmann-like equation can be well approximated by a
transport equation of the form (2). This approach is well-known in statistical physics
and has been adapted to the context of opinion formation process by Toscani [49).
We refer to [3, 39, 40, 41, 44, 45| for examples of theoretical studies of some particular
equations like (2) appearing in this context. We refer to the book [38] for more on

the application and theory of kinetic models in social and economic sciences.

In population biology, the authors in [8, 10, 14, 15, 47| considered equations similar
to (2), in the context of measure-valued solutions, with or without a source term. The
authors in [14, 15, 47| focus their attention on the dynamics of cells aggregation. They
recall that displacement of an individual is not the result of only the application
of forces following the law of mechanics but also depend on the interaction with
the external environment, e.g., other cells or chemical fields or extracellular matrix
components. Furthermore, in extremely viscous regimes such as those arising in some
biological environments

(e.g., phytoplankton cell population in the ocean or a virus

population spreading in the air),



SYSTEM OF TRANSPORT AND DIFFUSION EQUATIONS IN MEASURE SPACES 3

so that the velocity of moving individuals and not their
acceleration is typically proportional to the sensed forces. In that case the movement
of the i-th cell located at x;(t) € R? at time ¢ can be modeled by an equation similar
to (1) but with an additional term T'(¢;) accounting for the influence of the external
environment:

) Salt) = Tled(@) + - 3~ Klai(0) 2,(0)

Thinking of ¢; as the concentration of some chemicals at time ¢, we can model its

time evolution by a diffusion equation like
(4) Ocr(x) = Acy(z) — dey(z) + S(t, x)

where d > 0 is the degradation (or death/evaporation) rate and S is a source term.
Notice that if the chemicals are secreted by the cells themselves then S should depend
on the distribution p; of the cells at time t. A possible choice is S; = bu; for some
birth/production rate b > 0. In such a setting we are naturally led to consider a

coupled system of the form
Oy + V- (vpg) =0

5 )
Oer(x) = Acy() — deg(x) + by

with the vector-field
(6) v(t, @) = vl ef(z) = T(e)(@) + | K(z,y) du(y).
R

Notice that p; and ¢; are both measures. This system was considered in [47]. In
that paper the authors developed a numerical scheme for solving this system but the
problem of its well-posedness was left open. The authors in [47] emphasize that the
framework of measure-valued function allows naturally a multiscale analysis inter-
twining the cellular (microscopic) and the multicellular (macroscopic) levels. Indeed
we can write y; as the sum of a continuous part modeling the cellular aggregate as a

continuum and a finite sum of Dirac masses representing particular cells.

A system with two coupled transport equations for measure-valued solution is also
relevant from the applied point of view. Indeed, the authors in [15] argued that "in
a wide range of pattern formations, characteristic of biological processes, large aggre-
gates of non-specialized inactivated cells are collectively guided by a small number
of specialized and activated individuals [...]. This happens for instance in angiogene-
sis, morphogenesis, and wound healing mechanisms, or in the metastatic infiltration
of solid tumors". These consideration led them to model the distribution u* of the

aggregate of undifferentiated cells by a continuous measure and the distribution ¢
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of the few differentiated cells by a discrete distribution. The time evolution of both
measures p* and p¢ is then adequately modeled by a system of conservation laws of

the form

7) Qo +V - (V') =0
Opif + V- (v") =0

where the vector-fields v and v* drive the displacement of the specialized and un-
differentiated cells. Notice that the displacement of a differentiated cell results from
interaction with other differentiated cells as well as interaction with undifferentiated
cells. The same applies to an undifferentiated cell. It is thus natural to assume that

T =vpf, ] and v =" {uf, ).

v? and v" depends on u? and p* ie. v

Notice that a system like (7) also appears in opinion formation process, see, e.g.,
[18, 41|. In these papers the authors model opinion formation in heterogeneous pop-
ulations starting from a system of Boltzmann-like equations which becomes, after a
suitable rescaling of the parameters, a system similar to (7). The long-time behavior

is then investigated either numerically or theoretically.

The goal of this paper is to give a unified treatment for the well-posedness of
systems (5) and (7) described above. We will do so by considering the following
general transport-diffusion system:

Oupiy +V - (0 el i) = Nt o),
(8) Oupt; — App = N*(t, p1e)

Qo +V - (V] i) = N°(t, ),
in R? where i, = (uf, u?, 1) is a vector of measures. Here, the vector-fields v!, v?
and the source terms N', N2 N3 depend on p. The well-posedness of system (8) will
be the focus of this paper. Here we apply a fixed point argument to establish the
main result. Because of the nonlinearities in the vector fields and the source terms
this requires the development of techniques to establish novel estimates on auxiliary

linear transport and diffusion problems. These estimates are then utilized to show

that the nonlinear fixed point operator is contractive.

The paper is organized as follows: in Section 2 we present some preliminary mate-
rial. In Section 3 we present a statement of the main result and provide a comparison
between our result and those already available in the literature. Sections 4 and 5 are
devoted to establishing auxiliary results on the well-posedness of a linear diffusion
equation and a linear transport equation in measure spaces, respectively. These re-

sults are used in Section 6 to prove the main theorem of the paper and establish the
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well-posedness of the new system (8) proposed here which combines transport and
diffusion equations in measure spaces. In Section 7 we present some corollaries to the
main theorem along with some remarks. Finally, we provide a sketch of the proof of

Proposition 4.1 in the appendix.

2. PRELIMINARIES

We denote by M,(R?) the space of finite signed Borel measures. We will work with
two different norms on My(R?): the Total Variation (TV) norm and the Bounded
Lipschitz (BL) norm. The TV norm |||y of a measure € M(R?) is

(9) [l = sup ¢dp = |p|(RY).
#eCe(R), [|¢]l 00 <1 J/ RE

Here, |u| = p* + p~, with u* and p~ being the positive and negative parts of p as
given by the Jordan decomposition.
To define the BL norm we first need to introduce the space W1 (R?) consisting

of bounded Lipschitz functions ¢, namely ¢ € Wh*(R?) if ¢ is bounded and there
exists C' > 0 such that

o(z) — d(y)| < Clz—y|  for any z,y € R™

We denote by Lip(¢) the least admissible constant C. We endow W1>°(R?) with
the norm ||¢||1. := max{||¢||oc, Lip(¢)}. The bounded Lipschitz norm (or Dudley

norm, or Fortet-Mourier norm) ||u|| 5z of a measure p € My(R?) is then defined by

Il = su { /Rﬂdu: 6 W'=RY, [¢wr~ <1}

This norm is well-studied in probability theory and has also been used to study well-

posedness of transport equations in population biology (e.g., [8]).

Recall that a sequence (p,,), C My(R?) converges weakly to € My(R?) if [, ¢ dp, —
Jga @ dp for any ¢ € Cy(R?), where Cy,(R?) denotes the space of bounded continuous
functions on R?. It is known that in that case the sequence (i, ), has bounded TV

norm and is also tight in the sense that for any € > 0 there exists a compact set
K C R? such that for any n, |u,|(RI\K) < e. (see [20][Thm 4]).

Here it is worth pointing out that the weak convergence and the BL convergence are
not equivalent in general. It is known that if u, — p weakly then ||p, — pllgr — 0
(see [20]|Thm 6]) but the converse is, in general, false if we are not working with
non-negative measures, in which case both convergences are equivalent (see [20][Thm

8]). Indeed, there are sequences converging to 0 in the BL norm but that are neither
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tight nor TV-bounded. Consider for instance p, = v/n(0pt1/n — 05) € My(R). Then
|\ penll B = \/Tﬁ — 0 but (i), is neither tight nor TV-bounded (since || u,||7v = 2/n).

In this paper, unless otherwise specified, we will always endow M,(R?) with the
BL-norm. We recall that the space M,(R?) is complete when endowed with the TV

norm but not with the BL norm. However a subspace of the form
(10) My r(R?) := {n € My(R?) : ||ullrv = |ul(R) < R},

where R > 0, is complete when endowed with the BL norm (see e.g. Thm 2.7 in [27]).

We recall that the push-forward of u € M;(R?) through a Borel measurable map f :
R? — R? is the measure f#u defined on Borel sets B C R¢ by f#u(B) = u(f~1(B)).
It can be easily verified that (f#u,¢) = (1, ¢ o f), where (i, ) = [ga ¢ dp denotes

the natural pairing between measures p € My(R?) and bounded measurable functions

o.

3. THE MAIN RESULT

We consider the well-posedness of system (8) with an initial condition pg = (p, 13, 13) €
M,(R4)3. This system is a particular example of systems of transport and diffusion
equations in the space of measures that can be considered. Indeed, we could have
also considered systems where p? satisfies a transport equation or where p?® satisfies a
diffusion equation. It will be clear from the proof that our result of well-posedness for
the particular system (8) holds with similar assumptions in the case of the other sys-
tems of coupled transport and diffusion equations in the space of measures mentioned

above.

Let us now state our assumptions on the vector-fields v, i = 1,2, and the source
terms N, k = 1,2,3. We assume that the vector-fields

o' 0% s My(RY)3 — WHe(RY)

are continuous from M,(R?)? to L°°(R?%) and for any R > 0 there exist constants
LY, C% > 0 such that for any u, i € M, zr(R?)3 and any i = 1,2, the following is
satisfied:

(VD) [[o'[u] = v'[fllloe < L[l — fill 5L,
(V2) [l ulllwree < Ch.

We assume that the source terms

N¥: Ry x My(RY)? — M,(RY)  k=1,2,3,
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are continuous in (t, ) (recall that we endow M,(R?) with the BL norm) and that
for any R > 0, there exist constants LY, C% > 0 such that for any ¢ € R, any
w, i € My g(R%)3 and any k = 1,2, 3, the following is satisfied:

(N1) [|N¥(t, ) — N*(t, @) || pr. < LY — il L,
(N2) IN*(t, pw)|lrv < CF.

For T' > 0 denote,
My = {u € C([0,T], My(R%3) with p* € L*((0,T) x RY)}.
We state the definition of weak solution of system (8):
Definition 3.1. We say p € Mr is a solution of system (8) on [0,T] with initial
condition g € My(RY)? if supgeycrp |lullrv < oo and for every ¢ = (¢*, 4% ¢*) €

CH([0, T x RY) x C2([0, T] x RY) x C([0, T| x RY), the following equations are satisfied
for any t € [0,T7:

(11)
¢! (t, x)dpy (v /¢10$dﬂo)

Rd

= [ [ @d .+ i@V s anadis + [ [ 6 m)in ) was,
/d)ztxdut /qﬁQOxduo)

- [ [@d 6.0+ donto.ondiz@s + [ [ om0V s, w)ds,
/¢3t:(;dut /¢30xd,uo)

- [ [@d 60+l @vesanaieis+ [ [ 6snin ) @s

We now state the following result on the well-posedness of system (8):

Theorem 3.1. For any initial condition g € My(R%)? there exists T* and a unique
solution pn € My, T < T, with T™ < oo 4ff imy_,p+ <7~

willrv = o0o. Furthermore,
this solution is continuous with respect to the initial condition in the following sense:

Let i, fi be two solutions defined on [0,T] corresponding to initial conditions uy and

o, respectively, and assume that

\pellov, | zellry < R fort €[0,T].
Then

(12) e — fiell L < 7(t)|| 0 — fiol| B,
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where r(t) is a continuous non-decreasing function depending only on LY, C%, LY, CF

and satisfying r(0) = 1.

We end this section with a comparison between our result and previous results
concerning the well-posedness in the space of measures of a single transport equation
or a system of transport equations. Concerning the case of a single transport equation

of the form

(13) Orpie + V- (V] pe) = N (2, pue),

we refer to the papers [8, 10, 22, 23, 27, 28, 35, 42|. The authors in [8] established the
well-posedness of (13) with a general source term satisfying the same assumptions as
ours and a vector-field v = v(z) independent of ;. The need for such a source term
is illustrated by various examples in population dynamics including the well studied
selection-mutation models (e.g., [1, 13]). On the other hand the authors in [42] studied
(13) with a general vector-field satisfying assumptions similar to ours in spirit (though
assumption (V1) is stated with a generalized Wasserstein distance W[?’b introduced
by the authors which is equivalent to the BL distance when p = 1 (see [43])). The
source term N = N(u) they consider is required to satisfy assumptions similar to
(N1)-(N2). They also require N(u), u € My(R?), to be absolutely continuous with
respect to the Lebesgue measure and be supported in a given ball By(R), for a fixed
R > 0 independent of u. This assumption, which is stronger than ours, is motivated
by applications in the modeling of pedestrian flows and useful for the constructive
proof they develop which is based on an Euler scheme similar to the standard Euler
scheme applied for ODEs. In [22, 23| the authors study the existence-uniqueness
of mild solutions to a transport equation with a linear source term. In [22] they
consider a given vector field independent of the solution similar to [8] while in [23]
they extend the results to a vector field that depends on the solution. The author in
[35] consider, as a particular case of a whole theory of ordinary differential equations
in metric spaces, equations like (13) with a general vector-field v[t, u] and a special
form source term N(t, ) = N(t, u)p which is important from the point of view of
biological applications (we also consider this form of source term in (39) below).
Under assumptions on v and N similar to ours, existence and uniqueness of solutions

are proved.

In |27] and |28] the authors study a size-structured population model of the form
Orpir + O (Fo(t, pe)pue) = F3(t, pe)pre - in Ry x [0, 77,

14 “+o00
(14 RO = [ B @) 0.7]
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In our framework, this corresponds to taking the velocity field v[t, u] = Fy(t, p) and
the source term N (¢, ) = F5(t, p)pu+F[t, p]or—o with F[t, pu] := 0+°o Fi(t, p)(x) du(x).
The authors in [27] and [28] establish the well-posedness of (14) using two different
proofs under assumptions compatible with ours. Continuity of the solution with re-

spect to I, Fy, and Fj is also proved, an issue we do not consider in this paper.

Concerning a system of transport equation, we mention [16], [24] and [50]. The
authors in [16] establish the well-posedness of a system of transport equations with-
out source terms and with measure-dependent vector-fields of the form v[u|(t,z) =
V(t,z,n*p) where V(t,z,r) is globally bounded and Lipschitz in (z,7) uniformly in
t, and n(t,x) is globally bounded and Lipschitz in x uniformly in ¢. So, except for
the time dependence, this v satisfies assumptions (V1)-(V2). The result in [24] falls
under those in [16] but the method of proof is different and based on gradient flows
in Wasserstein space. Finally, the author in [50] considers a two-sex model described
by a system of coupled age-structured equations (of similar form to (14) but with

F; = 1) and establishes its well-posedness under assumptions implying ours.

4. WELL-POSEDNESS FOR LINEAR DIFFUSION EQUATION IN MEASURE SPACES

We now give a preliminary result on the solution of the linear heat equation with
measure data. In particular, we consider the equation
ou—Au=o in (0, +00) x R
(15)
Ujt=0 = U,
where uy € My(R?) and o € My(Q) where Q = (0, +00)xR4. We let Q7 = (0, T) xR?,
T > 0.
We understand this equation in the following sense: a function wu is a solution if
u € LY(Qr) for any T > 0 and if for any ¢ € CH?(]0, +00) x R?) the following holds:

/ (0 + A)o(t, 2) u(t, )dtdzr + | 60, 2) duo(z / bdo = 0.

Rd
Here, ¢ € C12([0, +00) x R?) means that (i) ¢(-, z) is C' (continuously differentiable)
for any x € R, (ii) ¢(t,-) is C? (twice-continuously differentiable) for any ¢ > 0 and
(iii) ¢ has a compact support.

We denote by K(t,x) = (47t)~%?exp(—|z|?/(4t)) the heat kernel and by P; the
associated semi-group given by Pu(z) = (K(t,-) * p)(x).
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The following result is most probably known but we could not find an explicit
reference. So for the reader’s convenience, we include in the Appendix a short sketch

of the proof.

Proposition 4.1. For any ug € My(R?) and any o € My(Q) there exists a unique
solution to (15) which is given explicitly by
(17) u(t, z) = (Pug)(x) + (K * 0)(t, x).

Moreover, the map t' — u(t', z)dx is continuous from [0, +00) to My(R?) in the weak
convergence (against test-functions in Cy(R?)), and thus also in the BL-norm, at any
t such that |o|({t} x R?) = 0.

Remark 4.1. We prove in fact that the solution u given by (17) wverifies a slightly
stronger statement than (16) namely that for any t > 0, and any ¢ € C1*([0, +00) x
R%),

» o(t, r)u(t,x) de — g (0, x)ugp(z) dx

(18) t t
:4A;a+Awwmumwmm+A [ odo

Here, we will mainly be interested in the case where o has the following special

form
T

(19) 0:/‘&®®®
0

for some T' > 0 and & : [0,T] — M,(R?). Here 0, ® &, denotes the product measure
on @ defined for any ¢ € Cy(Q) by (65 ® 75, ¢) = [ ¢(s,2)dos(x), and (19) means
that

T

(20) / ¢do = / o(s,x)dog(x)ds for any ¢ € Cy(Q).
Q 0 JRd

We now have the following corollary for this special case.

Corollary 4.1. Let 6 : [0,T] — My(R?) be continuous in the BL norm and bounded
in the TV norm, i.e., ||6s||lrv < R for any s € [0,T]. Then the integral in (19) is a
Bochner integral in M,([0,T] x RY), the completion of My([0,T] x R?) under the BIL

norm. Moreover, ||o||rv < RT,

(21) (0,0) = /0 (0s,0(s,+)) ds for any ¢ € L*=([0,T] x RY),
and

(22) lo|({t} xR =0 for any t € [0,T).
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Furthermore, for any initial condition ug € My(R?) there exists a unique solution
to (15) in L*((0,T) x RY) which is given explicitly by

u(t,z) = (Pug)(x) + /0 g K(t — s,z —y)dogs(x)ds,

and the map t — u(t,x)dx is continuous from [0, T] to My(R?) in the weak convergence

and thus also in the BL-norm.

Remark 4.2. It follows from Remark 4.1 that for any t > 0, and any ¢ € C?([0, +00) x
R%),

o(t, x)u(t, z) doe — g (0, z)ug(x) dx

(23) R . t
:/0 /Rd(atJrA)Qé(t,x) U(t,x)dtdx+/0 Rdgz)(s,x)da(s,x)d&

Proof of Corollary 4.1. Consider the measure &, on [0, T] x R? given by 6, = J, ® G,
ie., f[o Txga $dOs = Jga &(s,2) dos(z) for ¢ € Cy([0,T] x R?). Notice that ||6,]|p. =
\GsllBL, [|0s]|lrv = ||6s]|l7v < R, and &5 is continuous in s in the BL norm. Indeed,
for any ¢ € WH([0, T] x R%), we have

[ etsada -~ [ osa)dnta)

[0,T]|xR4 [0,T)xR4

< / |6(s, @) — (¢, )| d|s|(x) + | o(t, ) d(s — 1) (2)]
0,T]xRd

[0,T]xRd
< Lip(¢)(|s — t|R+ ||Gs — 64l BL)-

Hence, we obtain
165 = 6ullL < Lip(¢)(|s — t|R + |65 — 64l L

which goes to 0 as s — .
Denote by M,([0,T] x R?) the completion of M,([0,T] x RY) under the BL norm.

We will verify that the integral o := fOT 0sds is well-defined as a Bochner integral of
My([0, T] x R%)-valued functions.

According to [17][Thm 2|, we have to prove that (i) fOT |6s]|BL ds < oo, and that (ii)
the map s — d, is strongly-measurable (i.e., it is the limit a.e. of simple functions).
Point (i) is easy because the map s — |||/ is continuous (and thus measurable)
and bounded by ||6]|7v < R. Concerning point (ii) we use |22][Appendix C1] which
states that (ii) is equivalent to proving that for every ¢ € L°°([0,7] x R?Y) the map
F(s):= [ ¢doy is measurable. Let ¢. := ¢ * p. where p. are the standard mollifiers.
Then ¢. — ¢ in L.([0,T] x R?) and ¢, is bounded Lipschitz for any € with ||@.||oo <

loc

|9l It follows that F.(s) := [ ¢.d6 is continuous in s (for a fixed £). Moreover,
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since for any s, the measure d; is tight, we have that F.(s) — F(s) as ¢ — 0. Thus,
F' is measurable as a pointwise limit of continuous functions. Another possibility to
prove (ii) would be to notice that My([0,T] x RY) is separable so that the strong-
measurability is equivalent to the weak measurability (see [17][Thm 2|), i.e., the map
s — (¢, 0,) is measurable for any ¢ € My([0,T] x R?)', the dual of My([0,T] x R).
Then use [31][Thm 7] which states that the dual of M,([0,T] x R9) is isometrically
isomorphic to W1 ([0, T] x R?) by S(¢)(x) := ().

According to [17][Cor.8§], fOT 65 % belongs to the closure (in the BL norm) of the
convex hull of {6,}o<s<r. Since 6, € M, ([0,T] x R?) for any 0 < s < T and
My, r([0,T) x R?) is convex and closed under the BL norm, we deduce that fOT O % €
My 5([0,T] x R?) and then that [ 6,ds € My zr(0, T] x RY).

Given ¢ € WH([0,T] x R?) the expression F(u) := Jio.r1xge @ dit defines a bounded
linear form on My ([0, T]xR9). Thus by [17][Thm 6] we have F(fOT Gsds) = fOT(F, G5)ds,

ie.,

T
(0,0) = / (G5, @) ds ¢ bounded Lipschitz.
0

On the other hand consider v : ¢ € Cy([0,7] x RY) — [(5,,¢)ds. This is well-
defined because we already saw that the integrand is measurable in s and is bounded
in absolute value by [|¢||.R. Thus, v is a bounded linear form on Cy([0,T] x R?),
i.e., a bounded measure. In particular, v(E) = [ 6,(E)ds for any E C R? Borel.
Then the measures v and o coincide on the bounded Lipschitz functions. It follows

from [20][Lemma 6] that they are equal as measures. Thus,

(0,<;5):/0 (65,0)ds ¢ € L(RY).

In particular, let ¢ = 14_54s), then

t+0
(= 6.t + 6) x RY) < / 15, (RY) ds < 2R6.
t—0

Letting 6 — 0 we obtain (22). The last part of this corollary is a direct consequence
of Proposition 4.1. O

5. WELL-POSEDNESS OF LINEAR TRANSPORT EQUATION IN MEASURE SPACE

Given T' > 0, we consider the equation
Oupie + V- (b(t, ) puy) = 0y 0<t<T,

(24)
Hit=0 = Ko,
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where b(t,-) is a vector-field and o, € My(R?). When b = b(x) this equation has
been studied in [8] when the right-hand side can depend on ;. Here, we adapt their
framework to the case of time-dependent vector-fields. This is an improvement that

will be needed to study the well-posedness of the general system (8).

We say that y is a solution on [0, T if u : [0, 7] — M,(R?) is continuous in the BL
norm and bounded in the TV norm, i.e., supg<icp [|fte]|7v < 00, p—o = o, and for
any 0 <t < T,

d
(25) y ¢th /R db(t,x)v¢(x)dut+ qusdat ¢ € CHRY).

Notice that we can equivalently replace (25) by either

/gzﬁdut /gzﬁd,ug // (5,2)V(z dusds+/ pdosds ¢ € CHRY),

or, for any ¢ € C1([0,T] x R%),

¢(t7 I) dut(x) - d)(O, l‘) dMQ(ZL’)
() ¢

= /Ot 5 Ohd(s, ) + b(s, )V (s, ) dus ds+/ ¢(s, x) dog(x) ds,

this last formulation being the one used in Definition 3.1.

We denote by T, the flow associated with b(¢, z), namely, for any = € RY, T, (z)

satisfies

and for simplicity of notation we let 7; := Ty ;.

To assure the global existence of 7;;, we assume for simplicity that b is continuous
in (t,7) and globally Lipschitz in o uniformly in ¢, i.e., there exists a constant L’ > 0
such that

(28) b(t,z) — b(t,2')| < L)z — 2’|  for any t € [0,7] and any z, 2" € R?.
Then T, is well-defined in R? for any T' >t > s > 0.

Proposition 5.1. Assume that b is continuous, bounded (i.e. there exists a constant
C® > 0 such that |b(t,z)] < C° for any t € [0,T] and x € RY), and that b satisfies
(28). Consider o € C([0,T], M(R?)) such that supy<,<7 |lo¢||7v < 00. Then, for any

initial condition oy € My(R?), equation (24) has a unique solution which is defined



14 AZMY S. ACKLEH AND NICOLAS SAINTIER

on [0,T] and is given explicitly by
t

(29) = Tipo + [ Testo ds.
0

Proof. Uniqueness is easy since it is known that for any ¢ > 0 the zero function is the
only solution to (24) with g = 0 and oy = 0 (see e.g. [51]). We thus have to prove
that p given by (29) is well-defined and is a solution.

Notice that for any ¢ > 0, the expression fg Tsdosds defines a bounded measure
in R?. Indeed for any ¢ € C(R%), ||¢|ls < 1, we have

(Tssbos, 0) = (05, ¢ 0 To)| < Nlosllrvlld o Tailloo < Ro

where R, := sup;s ||o¢||7v, so that || T do||rv < R,. Moreover, the measures 7T, {0
are continuous in s for the BL norm. Indeed, for ¢ € WH(R?Y) with ||¢]|p1.e < 1,

we have

(Teiton o) = (Toston,d)| =| [ oTu@)douta) = [ o(Tos(o) douto
R4 R4
< [ Tsal@) = Toal@) dos(w) + 16 o T allwre o = ol

Independently it is easily seen that Lip(7s;) < eL’lt=s! and then
I Toa(@) = Toa(@)l = [Toal@) = Tea(Tos(@))] < e — Tors(a)]

< LbeLb|t—5| |S . S/|.

Taking the supremum over all such ¢, we obtain
‘ ﬂ,tﬁo-s - Z’,tﬂgs’

which goes to 0 as ' — s.

< LbeLbIt—s||S . S/|RU i eLblt—s’\Hgs —oylBrL,
BL

It is now easily seen by adapting the proof of Corollary 4.1 that fot Tsifosds is a
Bochner integral defining a bounded measure on R? with total variation less than tR,

and satisfies

( /0 Tt ds, 6) = /0 (Toston, 6) ds = /0 (0060 Toy) ds

for any ¢ € L>®(RY).
We verify that p defined by (29) is continuous in ¢. For ¢/,t and ¢ € WhH>(R9)
with ||¢||w1. < 1, we have

(=) = [ 6(Tu(w) = o(Ti(@)) diofa) + / (00,60 Tow) ds

t
+/ (00,60 Tow — b0 Tog) ds.
0
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Since ¢ is 1-Lipschitz and |(os, ¢ 0 Ts)| < ||os||rv]|@ © Tsr||oo < Ry, we have

e = e < [ 1Tola) = T dlual(@) + ¢ ~ IR,

t [ [ T = Tl donl @) ds.
0 Jrd
Taking the supremum over all ¢ using that
t/

(30) | Towr(2) = Ten(2)] < t (7, Tor () dr < LO(t' — 1)

we obtain
e = pell g < [t" = /(L] ol (RY) + R, + tR,L°)
which goes to 0 as t' — t.
Next, we verify that (25) holds. Given ¢ € C!(R?), we have

[ odm= | o(Ti()) duo + /0 [ S(T.uta) o) ds.

Notice that [, ¢(754(x)) dog(x) is continuous in s. To see this we first write

| » ¢(Tea()) dos(x) — » ¢(Tou()) doy ()|

[ OUTeel@) = 6(Taa()) don(e) + | 0T dlo = o) ()

|
< [ 1Ted@) = Toa@) dlosl(@) + oo Toalw o = il

|/¢ si(1)) dog(z /ch/t ) doy ()|

< R, L™ 5l|s — ¢| + "1 Noy — oyl 5L,s

Then,

from which we deduce the continuity in s recalling that o, is continuous in s. Hence,
d
G [Lodu = [ Vonta)dT) + [ 6T doto)
t
/ Vo()b(t. ) d(Ts o) (s) ds
= / o(x) doy(x / Vo(x)b(t, z) dus(x)
which is (25). O

Remark 5.1. We assumed that b is globally bounded and globally Lipschitz to obtain
existence of a global solution and also because we have a priori no control on the
size of the support of po and os. If we assume that py and o are all supported

in some compact set in RY, then we may only assume that b is locally bounded and
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locally Lipschitz but in that case we will only have a priori existence of a local in time

solution.

6. WELL-POSEDNESS FOR THE FULL SYSTEM: PROOF OF THEOREM 3.1

In this section we prove the well-posedness of the system (8) given by
O + V- (v [l py) = N (t, ),
(31) Oyt = Apg + N?(t, ),
O + V- (V[ pg) = N°(t, ),
where i = (uj, pif, 1) € (My(R?))* and pif € L'(RY). We let |||l 51 = Y70, [linf | 5
and |pellrv = 02 e v
Notice that if u € My is a solution then the maps t € [0,7] — N*(t, ;) €
M,(R%), k = 1,2,3, are continuous and, since supy,<r |1} ||7v < oo, the vector-fields
bi(t, ) == v*[u](x), k = 1,2, are globally Lipschitz in  uniformly in ¢ by (V'2). Then
according to Corollary 4.1 (here we use that y?> € L*((0,T) x R%)) and Proposition
5.1, p must be a fixed-point of the map T'(u) = (T (u), T%(u), I3(p)) defined by

t
Fl(u)tzﬁ’MﬂuéJr/ T AN (s, 1) ds,
0

t
(), = PtM(Q) +/ P, N*(s, p1s) ds,
0

t
T3(u) = T Wapd + / T PN (s, 1) ds.
0

Conversely, if € C([0, T, My(R?)?) is a fixed-point of I such that supg<,<p |||y <
oo then 1 is a solution. Then the vector-fields b*(¢, x) := v*[u;] () is bounded by (V2)

and is also continuous in (¢, z) and globally Lipschitz in « uniformly in ¢t € [0, T since

et @) =05t )] < Pl (o) — o ] ()] + ¥ ) (2) — o [ue](2)]
< Ll — pellpr + Cile —2'|.

Moreover 67 := N¥(t, ;) is a sequence of measures bounded in TV-norm by (N2)
and is also continuous in ¢ for the weak convergence since N* is continuous in (¢, ).

We can then rewrite the equality p, = I'(u); as
t
1 1,
pt =T+ [ Thh s
0
t
it =P+ [ Pt
0

t
= TP+ / TV 459 ds.
0
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It then follows from Corollary 4.1 and Proposition 5.1 that p is a solution in the
sense of Definition 3.1. Notice that I'*(u) belongs to L*((0,T) x R?) so that u? €
LY((0,T) x RY).

We thus have to prove that I' has a unique fixed point in the space
(32)X = {n € C((0.T], My(R?)?) + pryemo = pro. [l puellzy < 2llpsollzv ¥t € [0, 77}

for a given positive T'. Here X is endowed with the sup-norm ||u||x := maxo<i<r |||l 5L

and hence is complete.

We first prove some properties of T'.

Lemma 6.1. If p € C([0,T], My(R%)?) is such that supyc,<r [|pullrvy < oo, then
D(u) € C(0, 7], My(R)?).

Proof. We need to show that each component I'*(y) is continuous in t. We begin by
proving this for the case k = 1. To this end, let b(t, ) := v[w](x) and oy ;== N (¢, ).
Then ¢ is continuous in ¢ and supg<,<p [|o¢[|7v < oo since N satisfies (N2). Moreover,
b is bounded and globally Lipschitz in x uniformly in ¢ since v! satisfies (V2), and

continuous in (¢, z) since

o(t,x) = b(t',2")| < [0t () = vt [pe)(@)] + v ] (2) = vt ] (2)]
< Lyl — pollr + Cplz — |

where R := supg,<p ||fue||7v. Therefore, the continuity of I''(4) then follows from

the proof of Proposition 5.1. The continuity of I'*(u) is proved in a similar manner.

Concerning the continuity of T'*(u), we let oy = N?(t,us). Then as before o is
continuous in ¢ and supy<,;<r ||o¢||7v < co. The result then follows from Corollary
4.1. O

Lemma 6.2. Let p, ji € C([0,T], My(R%)?) and R > 0 such that || p||rv, | fuellrv < R
for any 0 <t <T. Then

(33) Hﬁft[m - 7?]5[/”]”00 < CHlt —t|, Lip(ﬁt[u]) < (Chli=sl
and

B t
(34) |72 e < O / s — o sz dr-
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Proof. The proofs of (33) and (34) are standard and similar. Let us prove (34). We
denote v(t, z) = v[p(z), 0(t, 2) = v[a](z), Tes = 7':,5[“] and T, := 7':,5[’1]. First

Toae) = Toala) = [ 000, Terla) = 5, Tor @) dr
= / (1, Ts+(x)) —0(1, Ts +(x)) dT +/ o(r, Ts +(x)) — 0(T, 7;7(1')) dr.
Then by (V1) and (V2)

t t
Torlw) = Toale)) < L / I — i sz + C / Tor(z) — Tonla)| dr.

The result now follows from Gronwall’s lemma. [l

Lemma 6.3. Given R > 0, consider p, i € C([0,T], My r(R%)3) with initial condi-
tions po and fig. Then

t
(35) IT(p)e = D(f)e|l B < AR/ s — isllBr ds + €5 || o — fioll BL,
0

v Nrv
where A = 2¢CR (Lyllollzy + S578 + LY) + LY.

Proof. We denote T, = T3, T2, = T4 . Given ¢ € W'(RY), ¢y~ < 1,

we have

|(F1(,u)t—l“1(ﬂ)t,¢)|
~ ~ t ~
<|(uo, 0o T, = ¢ o T + (1o — figs 0 T1)| +/0 [(N1(s, 1), 00 Ty — @0 T ds

t

+/\(N1(S7us)— s, i), & 0 T)| ds
0

:311+[2+13+[4.

We estimate I, k = 1,..,4, as follows. First in view of (34)

1| < / T @) — T @) dlpad) () < e il v / i — fill s dr,

5l < / /Rdr ) = T AN s, )| () ds

t t
< / HNl(Sa /’LS)HTVL,IJ)%eC?{(t_S) / H,u-,- - /]’THBL drds
0

CNLY
= gv (e“R —1 /HMT fir|| L d.
R

Independently (33) gives Lip(¢ o T.}) < Lip(¢)Lip(T},) < erl=*l so that [|¢ o
Thllwree < max{||¢||o, Lip(¢ o T.Y)) < eCRl=sl. Tt follows that

L < |lp — Bollrllo o T lwree < e“R|lu — il s
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and also using (N1),

t t
Bo< I [ eIl ds < R [l o s
0

It follows that
CN Ly,

IT () = T (R)ellpr < e“RY(LYNlupllry + 22 ce

1) [ el ds
+eR |15 — figll pr-
The same estimate holds for |T3(u); — T(j1):|| 5. replacing u}, iy by pd, 3.

Concerning I'? we write
(FQ(HJ)t - Fz(:&)ta ¢) = (]Dt(:u NO) ¢) + /0 (Pt—s<N2(3> :us) - NQ(Sa [Ls))a ¢) ds

= (8= P+ [ (V10 = Vs, ), Pr ) ds
and then
(T2 = T2 )] < Nt = 2| Pidllnoe
[ IN 10 = N Bl P s

which can be bounded in a similar way as I, and I, above but using standard prop-

erties of ;. We obtain

t
IT*(1)e = T2(A)ell B < o — fgllar + Lg/ s — fis|| BL ds.
0

Hence, we are able deduce (35). O

Lemma 6.4. For T' small enough (depending on ||uol|7v only), I'(X) C X and T is

a strict contraction in X.

Proof. Let p € X. In view of Lemma 6.3, we known that I'(x) is continuous. Let us
show that ||I'(u)¢|lrv < 2||pol|lrv fort € [0,T]. Let R = 2||uo||rv, so that ||u]|lrv < R,
and T, = T W, 72 .= 7W. Notice that |N(t, yu)|lrv < CJ for t € [0,T). For
¢ € C(R?), ||l < 1, we have

T e d) < 1 éo T + / (N (5, ), 6 0 T2, dis

t
< !\ué!\Tv\\cbO’ftl!\oo+/o IN* (s, ps)lzv [l © Tey lloo ds

so that
IT (wellrv < lwgllev +CRT — for t € [0,T].
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The same estimate holds true for ||[T3(u)¢|l7v. Concerning I'?() we have

(200 0)| < |02 Pid)| + / ((N2(5, 1), Pros) s

IN

t
||M3||TV||Pt¢||oo+/0 IN?(s, 1) lov (| Prsll oo s

Using that || Pid]|e < ||¢]leo < 1, we obtain

IT2()ellrv < llpgllev +CRT for t € [0, 7).
Thus, for any t € [0, 7],

IT(wellrv < |mollrv +3CRT,

which is less than 2||uo||7y choosing T such that 3CET < ||uol|ry. In particular T

depend only on ||uo||7v-

Let us now show that I' is a strict contraction for 7" small. Consider u,n € X.

Since po = fig, Lemma 6.3 with R = 2||uo||7v gives

N

) . CN LY : )
IT (1) = T()ell e < {2“R (L]l pollrv + gv B L) + Lg}/o s = s pr ds
R

for any ¢ € [0, T]. Then, it follows that

) S ONLY )
IT (1) = T() [l x < {207 (Ll pollrv + Z B+ L) + Ly )Tl — il x.
R

Thus, we can choose T small enough depending only on R (and thus on ||ug||rv) so

that I" is a strict contraction in X. O

It follows that I' has a unique fixed-point in X. We deduce the existence and
uniqueness of a solution defined on a maximal time interval [0, 7%) with 7% < oo iff
limy, g || ]| 7y = o0.

The continuity with respect to the initial condition follows from Lemma 6.3 and
Gronwall’s inequality. Indeed if 4 and fi are two solutions defined on [0, 7] with initial

conditions g, fig satisfying
wellov, |fellrvy < R - for t € [0,T],
then Lemma 6.3 gives
t
e — fullr < A(t) + B(t)/ it — fis|| 51, ds
0

with

v ~ v CNLU
A(t) = e lpo = frollse,  B(t) = {26 (Lilpollrv + =5 + Lk) + Ly}
R
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Since A is non-decreasing, Gronwall’s inequality gives

t t
i — ullse < A+ B(t)/ A(s)el P ds < A(t)(1+ B(t)/ el ds)
0 0
= 7(t)|[po — fioll B
which is (12).

7. COROLLARIES TO THE MAIN RESULT AND REMARKS

Theorem 3.1 covers a general birth source term of the form
(36) Nitw) = [ nft.n) duta)
R

where 7)(t, z, 1) is a measure modeling the birth rate of an individual located at 2 € R?
at time t. Then N (t, u) represents the distribution of all the offspring at time ¢ of a
population distributed according to a measure p. This kind of source term has been

considered in [10].

Under suitable assumptions on 7 we can verify that N(¢, ) is well-defined as a

Bochner integral, is continuous in (¢, 1) and satisfies (N1) and (N2):

Corollary 7.1. Suppose that 1 : [0, +00) x R? x My(R?) — M,(R?) satisfies that for
any R > 0 there exists Cr > 0 such that for anyt > 0, x, 7 € R? and p, i € M, r(R?),

(1) lIn(t, z, wllrv < Cr,

(n2) lIn(t,z, 1) —n(t, z, illsr < Crllp — A5,
(n3) lln(t, 2, ) = n(t, &, pllsr < Crle — 1],
(n4) the map t — n(t,z, 1) is continuous.

Then the integral in (36) is a Bochner integral in My(RY), the completion of M,(R?)
under the BL norm. Moreover, for any t > 0 and any p € My(R?),
B Vo) = [ (e 0)dute)  for any 6 € LR
R
and N (t,p) is continuous in (t,u) and satisfies (N1) and (N2).

Proof. We first verify that N (¢, u) is well-defined as Bochner integral in M,(R?) follow-
ing [22]. We only sketch the proof since more details are given in corollary 4.1. Since
My (R?) is separable we have to prove that (i) ||n(¢, z, )| s is |u|-integrable which is
obvious by (n1), and that (ii) the map x — n(z,t, u) is weakly measurable i.e., ac-
cording to [22]|Appendix C1|, that for any ¢ € L°°(R?) the map F(x) := (n(t,z, i), ¢)
is measurable. This can be done exactly as in the proof of Corollary 4.1 by consid-

ering F.(z) := (n(t,x, n), @) with ¢. := ¢ * p. where p. are the standard mollifiers.
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Then F. is continuous by (n3) and F.(z) — F(z) for any z € R? by the dominated

convergence theorem. The measurability of F' follows.

Relation (37) is proved as in Corollary 4.1. In particular, it follows that

(39) Nl < [ ntt )l dll(o)

Hence, we deduce that N satisfies (N2) using (n1).
We now verify that N satisfies (N1). We have

IN(t, 2, 1) = N(t, 2, i) || 5L

< [ It =it llss i) + | [ttt e
= A+ B.

BL

By (n2) we have

A < |ul|lrvCrl|lp — il L < RCr||p — fi]| BL-

To estimate B, take ¢ € WH®(R%), ||¢||w1.~ < 1, and denote F(z) := (n(t,x, i), ).
Then

[F(2)] < N9lloslin(t, 2, m)llrv < Cr

by (n1). Moreover for any z,7 € RY,
|F(x) = F(2)| = |(n(t, z, p) = n(t, &, 1), §)| < [@llwreelln(t, z, i) —n(t, &, i)||pr < Crlz — 2|
by (n3). Thus F' is bounded Lipschitz with || F||y1.e~ < Cg. Hence

|(/Rd77(t,w,ﬂ) d(p —p)(x),¢)| = | » F(z)d(p — p) ()] < [Fllwiellp = allse

< Ckgllp—pallbe-

Therefore, B < Cgl|p — fi]|pr and we obtain that N satisfies (N1).

We finally show that N is continuous in (¢, ). To this end, we write

IN(t, ) = N(E@llsr <IN p) = N(E )llpr + INE p) = N(E @)l se

< [ Intt.z,n) = i) o dlud(o) + il = il

where we used (N1). Moreover, the integral in the right-hand-side goes to 0 as t — t by
the dominated convergence theorem in view of (n4) and (n1) (to bound the integrand
by ZCR) [l

Two examples are worth mentioning. The first one includes mutation by taking

n(t,z, ) = n(x) = x(z — y)dy where y : RY — R. Then for any test-function ¢,

(N(t, 1), ¢) = /Rd(n(l‘), o) du(z) = /Rd o(y) /Rd X(r —y)du(z) dy = (x * i, ¢)
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Hence, N(t, 1) = x*u. This models the fact that the offsping of an individual located
at « is distributed around x according to x(z —y). Assuming that x is integrable and

globally Lipschitz function, it is easily seen that assumptions (n1) — (n4) are satisfied.

Another interesting case corresponds to an absence of mutation: the entire offspring
of an animal at z stays at x. This can be modeled taking n(t, z, 1) = N(t, 1)d, where
N(t,p) € R. In this case N(t, 1) = N(t, 1) [pa 0z dp(x) = N(t, )pr. Indeed, we may

even consider a slightly more general source term of the form N(t,u) = N(t, z, p)p.

Consider the special case where the source terms N*(t, ), k = 1,2, 3, have the

form of rates namely

(39) NE(t, ) = N*(t, - )it
where
NF:Ry xR x M(R"? = R k=1,23.

Definition (39) means that for any time ¢ > 0 and any p € My(R?)3, the measure
NE(t, p) is defined by

(Nk(tv /u)v qb) = i gb(:}j)Nk(t, Z, M) du((ﬂ)

for any test-function ¢. The following corollary shows that under some assumptions on
Nk the system (8) has a unique solution which is nonnegative if the initial measures

pE are non-negative:

Corollary 7.2. (Nonnegativity of solutions) Assume that the vector-fields v', i =
1,2,3, are as in Theorem 3.1 and that the source terms N*(t, ;) can be written as
rates as in (39). Suppose that N*, k = 1,2,3, are continuous in (t,z,u) and for
any R > 0, there exist LY, CY > 0 such that for any (t,z) € R x R? and any
w, i € My r(RY)3 the following is satisfied:

(NV) [N¥(t, 2, p) = N*(t 2, )| < Lillp — fill e,
(N2) IN¥(t, -, p)|lwr < CF.

Then, given initial condition uf, k = 1,2,3, where each uf is a non-negative measure,
the system (8) has a unique solution (i, 2, p3) defined in [0, T*) where uf is a non-

negative measure for each k =1,2,3 and any t € [0,T%).

Proof. 1t is easily seen that under the assumptions made on N* that each NF is
continuous and satisfies assumptions (N1) and (N2). We then know by Theorem 3.1

that the system (8) has a unique solution y; defined on some time interval [0, 7).



24 AZMY S. ACKLEH AND NICOLAS SAINTIER
Letting c*(t,z) = N*(¢,x, yi;) the system becomes
Oy +V - (VM) = !t )y,
(40) Oty — Apii = (t, )i,
Oy +V - (V[ i) = (t, 2)p.
Direct calculations show that the solutions u}, u? and u are given by

(41) = exp( / s, T ) ds ) (To Mgu), k=13,

0

where sf’tk is the flow associated with the vector-field v*[u], and

pe = exp(/ot c*(s) ds> (K * pd).

Here (41) means that for any test-function ¢,

o= [ om M wpesn( [ T w) ds)

(where we used the fact that 7; 0Ty, = Tos). Hence, it follows that if uf, k= 1,2,3,

are non-negative measures then u¥, k = 1,2, 3, are non-negative for any ¢ > 0. 0

Remark 7.1. From Corollary 7.2 and its proof, it is clear that if p&, k = 1,2,3,
are probability measures and there are no source terms in system (8) (i.e., Nk =0,

k=1,2,3), then for any t € [0,T), u¥, k =1,2,3, are also probability measures.

We now provide some conditions ensuring that the solution given by Theorem 3.1
defined in [0,7™) is indeed global, i.e., T = 4o0.

Corollary 7.3. (Global existence of solutions) Assume that assumptions (V1) and
(N1) hold and that (V2) and (N2) are replaced by assumptions (V2”) and (N2”) given

by
(V27) Lip(v'[p]) < C, i =12,
(N2) IN®(t, 1)||rv < C(L 4+ ||ullzv) for k=1,2,3 and t € R,

where the constant C' is independent of u. Then, for any initial condition py €
M,(RY)3, system (8) has a unique solution which is defined on [0, +00).

Proof. Notice first that (N2”) implies (N2) and also that (V2”) implies (V2) (the fact
that ||v’[u]|le < C% follows from (V1) with & = 0). Given initial conditions pg, we
then know that there exists a solution defined over a maximal interval time [0, 7).
Suppose T* < +00. Then we know that |||y — +o0 as t — T*~. Notice that
the vector-field (¢,z) — v'[p](z) is continuous and globally Lipschitz by (V2”) so
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that the measures ﬂl[“]ﬁu(l) and ﬁz[u]ﬂ,u% exist for all time. Since y; = ()¢ (the

definition of ' is given in Section 6) we have

lpellrv = Z IT* (1)l v

2 L
1T Wpdlley + 17 e oy + || Pus o

t 1 2
+ / T AN (s, o) v + T FEN3 (s, ) lrv + || Pres N2 (5, as) | 1 ds
0

AN

t
< luolev + / SN (s, o)l ds
0 %

t
< HMOHT\/+3C'15—|-3C/ || s || v ds.
0

Gronwall inequality gives

lellzv < (Iwollrv + 3CH)e* < (||pollry + 3CT)e*

so that ||u¢||7v is bounded near T*, a contradiction. O

Remark 7.2. Source terms satisfying conditions in Corollaries 7.2 and 7.3 arise
in biologically relevant applications including the following classical source term in

population dynamics:

a. Holling type functions |32] where, for example, for k =1,2,3
_ _ 1
NE(t,z, 1) = N*(u) =
L5 325 (fa w9 (9)dpid ()
for w € WL°(RY) and a nonnegative constant v*. Here, v, = max{z,0}.
Clearly, |N*(u)| < 1. Thus, (N2°) and (N2”) hold. To show that (N1’)
holds, using the notation (1, w?) = [p.w!(y)dp(y)) and that |z; — yi| <

|z —y| for any x,y € R, we have for any u, i € My(R?) that
VYT w? )y = (3, w) 4|
(1 + 9% 30 (1, w) ) (1 4+ 4% 300 (3, wi) 1)

< ’“Zlu w’) — (i, w)]

[N® () = N* ()|

< v ||w||w1voo||u — [t BL-

This establishes the continuity of N¥ and assumption (N1’).
b. Ricker type functions [46] where, for example, for k =1,2,3

Nk(t,x,u):]vk(u)—exp< kZ(/ ]<y))+)7
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for w € WL°(RY) and a nonnegative constant ~*.

Clearly, |N*(p)] < 1. Hence, (N2’) and (N27) holds. To show that (N1’)
holds, let p, i € My r(RY). For any x € R between —~* Z;’:l(uj,wj)Jr and
o z§:1</:w;wf>+,

3
— —Gvkz (W w')y = (L= 00"y (W w')y, 0 e[0,1],
j=1

we have
3 3

ol < A1 ) I 0?)] <A e ool + 1 1)

j=1 j=1

3
< 2R Y o
=1

3 3
INH () = N5 ()| < exp (2Rvk2||wj|!oo>7k2|u w)s = (i, w), |
j=1

< LE|p— ilse.

Hence, assuming v, i = 1,2, satisfy (V27), then our results guarantee the existence
of a global nonnegative solution for such source terms. Also, since the solution, 1,

j =1,2,3, is nonnegative then (p’,w?),; = (1, w’).

We now give an example of a family of vector-fields satisfying assumptions (V1)

and (V2) relevant in applications.

Remark 7.3. Keeping in mind the discussion leasding to the system (5) with the
vector field (6), it is natural to consider vector fields v' and v* of the form
(@) = | K(wy)dm(y) + | K(w,y)dps(y) + Tlil(z)
R R

where K, K : RY x RY — R? and T[p?] : R* — RY. If K, K are bounded and globally
Lipschitz then the first two integrals satisfy assumptions (V1) and (V2). We now
want to define T[us](x) so as to model chemotaxis. In a smooth setting we may let
T|u2](x) >~ Vg to account for the fact that the movement of cells is driven by the
gradient of the chemical. Since this is not adequate in our measure-valued setting, we
approzimate V u? using an idea presented in |34|. Indeed the authors in |34] introduced

a non-local gradient of a function f by

° d
(12) F ) = GGz S, S o
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for e > 0. This is indeed an approzimation of V f when f is C since in the limit as
e — 0 we have f (z) = Vf(x) 4+ O(e). Let us rewrite (42) as
o d
= - d —1 .
f (33') |Sd_1<0, 1)’511—0—1 /Sdl(x,a)(z l’)f(Z) 0gd (z,s)(z)
Let gs € C(R?) be radial nonnegative such that gs(z)dz — oga-1(91) as 0 — 0. Then
gg(%)édz — Oga-1(ze) 5 0 — 0. We thus have

° d z—x
F @)= s [ G- onC0@) i = [ Kol din(e)

3

where p3(z) = f(2)dz and K5 (x, z) = W(z —x)gs(32). We thus propose the

)

following as an approximate non-local gradient of the measure py:
o 2) = [ Koo 2) dal).
R

We can then take T[us](x) = C'x iy (), where C is a constant. Assume for example

that gs has compact support for any positive . Then given positive ¢ and 0, Ks. is
bounded and globally Lipschitz, and so T satisfies (V1)-(V2).

We end this section with a brief comment concerning the numerical simulation of
a system like (8). This is an important issue from the point of view of applications.
Few numerical schemes have been studied in the framework of measure-valued solu-
tions, and all of them deal with a single transport equation with the exception of the
recent paper [11]. We mention the Escalator Box Train method |5],[11],|26], Particle-
Splitting method [12],[29], and a recently proposed finite difference method [2] which

shows interesting properties in terms of velocity of convegence and accuracy.

Finally, we point out that under the assumption of Theorem 3.1, the solution pu?
of the diffusion equation is more regular than a mere measure due to the regularizing

effect of the heat operator:

Remark 7.4. It follows from the explicit expression (17) that the solution u of the
diffusion equation (15) satisfies u € L>(0,T; L*(RY)) for any T > 0. Moreover for
any p > 1 and any t > 0,

1Kl < CH2071Dand [0, K|, < C50R2,
It then follows that w € L*(0,T; W'P(RY)) for any s,p > 1 such that 2 + % >d+1
with

(43) vl

T s 1/s
voawisn = ([ 10 e dt) < Clluolry + k)

To apply this estimate to p?, notice first that since for any T < T* there exists
R > 0 such that maxyeo ) |1l 7v < R, we have maxeo 1y [|N?(¢, pu)||7v < R’ thanks
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to assumption (N2). Thus the measure o := fOT 0s @ N%(s, us) ds (see equation (19))
is bounded. It then follows from (43) that u®> € L*(0,T; WHP(RY)) for any s,p > 1
such that%+%>d+1 and for any T < T*.

Acknowledgement: The authors would like to thank two anonymous referees for

useful suggestions that led to an improved version of the manuscript.

APPENDIX

Here we give a brief sketch of the proof of Proposition 4.1.

Sketch of Proof. We first verify that u(t,z) = (Puo)(x) + (K *0)(t, z) is a solution
of (15). Notice that u € L*(Qr) for any T > 0 since

T
/ lu(t, z)| dtde < / / P, |uo|(z dxdt+/ / / K(t— s,z —y)dzd|o|(s,y)dt
0 JRd R4 Rd JRd

< T(Jug|(RY) + |a|((0,T) x RY)),

were we used that for any ¢ > 0, |K(¢,-)|1 = 1 and || Pauoll1 < |uo|(R?).
We can then verify that u verifies (18), and thus solves (15). Indeed this follows
from the fact that for any T > 0,
(44)
T
0.+ M)o(s,a)i(s,a)dsda + [ [ 6(s,5)dos, o)
0

Rd

&(T, )T, z)dx = /0 '

R4 R4

t
where 4(t, x) := (K x0)(t,x) = / K(t— s,z —y)do(s,y), and
R4

(45) &(T, x) Poug(x d:p—/qb (0, z) dug(z / [Rd (05 + A)o(s, x) Psug(z)dsdz.

Rd
Both (44) and (45) are quite standard to prove.

We now verify that u(t) satisfies the intial condition in the measure sense:

(46) lim ng( Ju(t,z)dx = [ ¢ dug for any ¢ € Cy(R?)
Rd

t—0t

if [o]({0} x R%) = 0. Thls follows from

(47) lim gb( ) Prug(x da:—/gbduo and lim gb( Yu(t, z)dx = 0.

t—0 t—0

Indeed on the one hand,

| [ st < tote [ [ ([5G s - i)l

I9]loclerl((0,£) x RY)

IN
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which goes to ||¢]|eo|c] ({0} x R?) = 0 as t — 0. On the other hand the first limit in
(47) follows writing [o. ¢(z) Paug(z)dx = [5. Pip dug and passing to the limit using
the dominated convergence theorem noticing that (i) since ¢ € C,(R?), we have

lim; 0 Pip(z) = ¢(z) for any x € R? (see e.g. [21]), and (ii) || Pid|lco < ||0]]co-

We finally show that the measure u(t, x)dx is continuous in t for the weak conver-

gence, i.e.,
(48) lim qb( Ju(t',x)de = | ¢(x)u(t, z)dx
t'—t R4
for any ¢ € Cy(R?) and any ¢ > 0 such that |o|({t} x RY) = 0. First
O Pyugdr = / Py¢dug — / Poduy = ¢ Pyug dx
R R R R

where we pass to the limit using the Dominated Convergence Theorem as before.

Moreover, assuming w.l.o.g. t </,

/ o(x)u(t', x)dx — d¢($)ﬂ(t,$)da:

/ /Rd Py_sd(y) — Pi—st(y) da(s,y)+[/ /Rd Py_s¢(y)do(s,y).

The second term on the right-hand side can be bounded by
(50) 1P —slloclo|([t, 1] x RY) < [Igllocl]([t, ] x RY).

Independently, for any 0 < § < R < oo, it is easily seen that there exists Lsp > 0
such that for any ¢ € L> and t';t € [, R),

| Pop — Pidlloc < Lo rl|dloolt’ —t|.
We then bound the first term in (49) as follows

t—§ t
/ Pr—ad() — Prosd(y)| dlo|(s,9) + / / Pr_s6(y) — Prso(y)| dlo](s, )
0 Rd t—§ JRA
< Lyglt - 1101(Q) + 26l |([t — 6.1] x RY)

< Lyglt — t]|0](Q) + 0s(1).

where 05(1) — 0 as § — 0 uniformly in #'. Plugging this last inequality and (50)
into (49), we deduce (48) taking first take J small enough and then ¢ — ¢. Thus
u(t,z) = (Pug)(x) + (K x 0)(t, ) is a solution of (15).

We now prove the uniqueness using an idea from [7]. To this end, it suffices to
verify that the zero function is the only solution to (15) with uy = ¢ = 0. Let u be

such a solution, in particular v € L'(Q7) for any T' > 0. In view of (16),

// u(t,z) (0 + A)p(t,x) dtde = 0 for any ¢ € C2([0,T] x RY), ¢(T,-) = 0.
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We can in fact take any ¢ € C12([0, T] x RY) with bounded derivatives and ¢(T’,-) = 0.
Given ¢ € C°(Qr) let ¢ be the solution to

(k+AN)p=¢ inQr  with {(T,)=0

given by ¢(t,$) = (K * 5)(t,$)7 5(t7$) = _C(T - t,l’) Then ¢ € 0172([077—1] X Rd)
with bounded derivatives and ¢(T',-) = 0. It follows that [[, u(dtdr = 0 for any
¢ € CX(Qr), so that u =0 in Q7.
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